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■ Abstract. Let X be a separable Banach space, Y a Banach space and f : X ^ Y an 
^SJ ■ arbitrary mapping. Then the foUowing imphcation holds at each point x € X except 

1^ ■ a fj-directionally porous set: If the one-sided Hadamard directional derivative f'jj^{x, u) 

Q ■ exists in all directions u from a set Sx G X whose linear span is dense in X, then / is 

■ Hadamard differentiable at x. This theorem improves and generalizes a recent result of 
A.D. loffe, in which the linear span of Sx equals X and F = M. An analogous theorem, 
in which / is pointwise Lipsehitz, and which deals with the usual one-sided derivatives 
and Gateaux differentiability is also proved. It generalizes a result of D. Preiss and the 
author, in which / is supposed to be Lipsehitz. 
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1. Introduction 



The following result ([4, Theorem 5]) was used in the proof of the till now strongest 
version of Rademacher's theorem on Gateaux differentiability of Lipsehitz mappings on a 
^ _ separable Banach space. 

■ Theorem PZ. Let X be a separable Banach space, Y a Banach space, G G X an open 

set, and f : G ^ Y a Lipsehitz mapping. Then there exists a a-directionally porous set 
CN I A (Z G such that for every x G G \ A the set of those directions u E X in which 

the one-sided derivative f'^{x,u) exists is a closed linear subspace of X . Moreover, the 
mapping u ^ fL{x, u) is linear on U^- 



An immediate consequence of this result is the following. 



Corollary PZ. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y a Lipsehitz mapping. Then the following implication holds at each 
5^ I point x G G except a a-directionally porous set: 

If the one-sided directional derivative f^{x, u) exists in all directions u from a set Sx C 
X whose linear span is dense in X , then f is Gateaux differentiable at x. 

Note that each a-directionally porous subset of a separable Banach spaces X is not 
only a first category set, but it is also "measure null": it is Aronszajn (=Gauss) null, and 
so also Haar null, (see [1, p. 164 and Chap. 6]) and also F-nuU (see [3, Remark 5.2.4]). 

It is an easy well-known fact that if / : X — )■ y is a Lipsehitz mapping between 
Banach spaces, then the Hadamard (one-sided) directional derivatives coincide with the 
usual (one-sided) directional derivatives and the Hadamard derivative coincides with the 
Gateaux derivative. 

A.D. loffe in [2] recently observed that some known results dealing with the usual direc- 
tional derivatives (and Gateaux differentiability) of Lipsehitz functions can be generalized 
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to results dealing with the Hadamard directional derivatives (and Hadamard differentia- 
bility) of arbitrary functions. (Note that this loffe's idea was followed in [6].) 

loffe's [2, Theorem 3.7(b)] can be reformulated (see Remark 3.10 below) in the following 
way. 

Theorem I. Let X be a separable Banach space, G <Z X an open set, and f : G ^ 
an arbitrary function. Then the following implication holds at each point x E G except a 
a-directionally porous set: 

If the one-sided Hadamard directional derivative f'fj_^{x,u) exists in all directions u 
from a set Sx X whose linear span equals to X , then f is Hadamard differentiable at 

X. 

So, Theorem I is a partial generalization of Corollary PZ (since in Theorem I is a 
stronger assumption on and F = M). We will prove (see Corollary 3.9 below) that the 
corresponding full generalization of Corollary PZ holds. 

Moreover, Theorem 3.7 below on Hadamard derivatives generalizes Theorem PZ. 

Further, we generalize Theorem PZ in another direction showing that, in this theorem, 
it is sufficient to suppose that / is pointwise Lipschitz (see Corollary 3.5 below). 

Note that the methods of proofs from [4] and [2] cannot be easily used in the case 
when / : X — J- y is not continuous and Y is nonseparable, since then f{X) need not be 
separable. From this reason we use an alternative method based on a small trick in the 
proof of Lemma 3.1 (which shows that /+(x, Wx) and f'{yki Wy^) are "automatically" close 
to one another). 

The main results are proved in Section 3. In Section 2 we recall basic definitions and 
known results we need. 



2. Preliminaries 

In the following, by a Banach space we mean a real Banach space. The symbol B{x, r) 
will denote (in a metric space) the open ball with center x and radius r. 

If X is a Banach space, we set Sx '■= {x E X : \\x\\ = 1}. Further, ii x E X , v E Sx 
and S > 0, then we define the open cone C{x,v,6) as the set of all y ^ x for which 

||^_/^|| <5. 

II \\y-x\\ II 

Let X, Y he Banach spaces, G C X an open set, and f : G ^ Y a mapping. 

We say that / is Lipschitz at x E G ii limsup^.^. ^^'^^1:^1^''^^ < oo. We say that / is 

y \\y 'X\\ 

pointwise Lipschitz (on G) if / is Lipschitz at all points of G. 

The directional and one-sided directional derivatives of / at x G G in the direction 
V E X are defined respectively by 

N r f{x + tv) ~ f{x) f{x + tv) - f{x) 
f {x,v) := Imi and f,{x,v) := lim . 

The Hadamard directional and one-sided directional derivatives of / at x G G in the 
direction v E X are defined respectively by 

w / N v f{x + tz)-f{x) , w / X f{x + tz)-f{x) 

fj^{x,v):= hm and /^^(x,w):= lim 



The following facts are well-known and easy to prove. 



Fact 2.1. Let X , Y be Banach spaces, G <Z X an open set, x E G, v E X , and f : G ^ Y 
a mapping. Then the following assertions hold. 
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(i) The derivative f'{x, v) (resp. ///(x, v) ) exists if and only if f'^{x, —v) = — /^(x, v) 
(resp. fH^{x,-v) = - fH+{x,v)). 

(ii) If fni^^v) (resp. fH+{x,v)) exists, then f'{x,v) = fuix^v) (resp. f+{x,v) = 
f'H+{x,v)). 

(iii) /// is locally Lips chitz on G , then f'{x,v) = f'^{x,v) (resp. = f)j 
whenever one of these two derivatives exists. 

(iv) If f^{x,v) (resp. f)j exists and t > 0, then f'_^{x,tv) = tf'_^{x,v) (resp. 
fH+{x,tv) = tf'H+{x,v)). 

(v) // / is Lipschitz at x with limsup^^^, ^^•^'•y^^I^y^^^^ < K < oo and f'^{x,v) exists, 
then \\f^{x,v)\\ < K\\v\\. 

(vi) // Vx is the set of all u ^ X, for which f'fj_^{x,u) exists, then the mapping u h-> 
fH+{x,u) is continuous on V^. 

(vii) If V G Sx and f'jj_^{x,v) exists, then there exists a cone C = C{x,v,6) such that 
limsup,^,,,,^MMzZM<oo. 

We will need the following easy fact (see [7, Lemma 2.3]). 

Lemma 2.2. Let X be a Banach space, Y a Banach space, G G X an open set, a G G, 
and f : G Y a mapping. Then the following are equivalent. 

(i) /H+(a,0) exists, 

(ii) /^(a,0) exists, 

(iii) f'H{a,0) = 0, 

(iv) / is Lipschitz at a. 

The usual modem definition of the Hadamard derivative is the following: 
A continuous linear operator L : X ^ Y is said to be the Hadamard derivative of / at 
a point a; G X if 

^^fix±tv)-^fix)_^ for each veX 

t^o t ^ ^ 

and the limit is uniform with respect to v G G, whenever C C X is a compact set. In this 
case we set f'^^x) := L. 

The following fact is well-known (see [5]): 

Lemma 2.3. Let X , Y he Banach spaces, ^ ^ G d X an open set, x E G, f : G ^ Y a 
mapping and L : X ^ Y a continuous linear operator. Then the following conditions are 
equivalent: 

(i) /h(^) = L, 

(ii) /^(x, v) = L{v) for each v E X , 

(iii) if : [0,1] X is such that ip{Q) = x and V5+(0) exists, then (/ o V5)'_,_(0) = 
L(^;(0)). 

Definition 2.4. Let X be a Banach space. We say that A G X is directionally porous 
at a point x G X, if there exist 0^vGX,p>0 and a sequence t„ — of positive real 
numbers such that B{x + tnV,ptn) fl A = 0. (In this case we say that A is porous at x in 
the direction v.) 

We say that A C X is directionally porous if A is directionally porous at each point 
X e A. 

We say that A C X is a -directionally porous if it is a countable union of directionally 
porous sets. 
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We will need the obvious fact that A is not porous at x in the direction v ^ ii and 
only if 

(2.1) for each u > there exists S > such that B{x + tv, ut) (1 A ^ (/) ior < t < S. 
It is easy to see that if, for some v G Sx, 5 > 0, r > 0, 

(2.2) C{x, V, S) n B{x, r) n A = 0, then A is porous at x in direction v. 
Moreover, we will need the following results from [7]. 

Proposition 2.5. ([7, Proposition 3.2]) Let X be a separable Banach space, Y a Banach 
space, G G X an open set, and f : G ^ Y a mapping. Let M be the set of all x E G at 
which f is Lipschitz and there exists v E X such that f^{x,v) exists but f'jj_^_{x,v) does 
not exist. Then M is a-directionally porous. 

Proposition 2.6. ([7, Proposition 3.1]^ Let X be a separable Banach space, Y a Banach 
space, G (Z X an open set, and f : G ^ Y a mapping. Let A be the set of all points x E G 
for which there exists a cone G = G{x,v,5) such that lira sup y^^ y^fj ^^•^''^?.~{m^'*^^ < oo and 
f is not Lipschitz at x. Then A is a a-directionally porous set. 



\\y—x\\ 



3. Main results 

Lemma 3.1. Let X be a separable Banach space, Y a Banach space, G G X an open set, 
and f : G Y a mapping. Let A be the set of all x E G at which f is Lipschitz, and for 
which there exist v,w E X such that /^(x, w) and f!^{x,w) exist but either /^(x, f — w) 
does not exist or f^{x,v — w) ^ f^{x,v) — /^(x, w). Then A is a a-directionally porous 
set. 

Proof. Let M be the cr-directionally porous set from Proposition 2.5. It is sufficient to 
prove that A* := A\M is cr-directionally porous. To each x E A, choose a corresponding 
pair V = Vx, w = Wx- Let {dj : j G N} be a dense subset of X. 

Now consider an arbitrary x E A*. We can choose Ux E N such that 

1 



(3.1) 



\\f{y)~fix)\\<nx\\y — x\\ whenever — x||< 



Further, we can choose px eN and a sequence 1 > tf \ such that, for each i eN 
(^3 2) f{x + tf{vx-Wx)) - fix) 



if 



Since x ^ M, we have f'_^{x,w 

f{x+tz)-fix: 



(3.3) 

and 
(3.4) 



f+{x,Wx) 



X, w. 



1 



{f+{x,Vx) - f'_^{x,Wx)) 

x) and so we can choose kx eN such that 



6 

> — . 

Px 



< — whenever 

Px 



„ 1 , 1 

\z — Wx\\ < — and < t < — , 

Kx K-r 



f{x + tVx)- f{x) 



t 



f+{^,Vx) 



< 



Px 



whenever < t < 



Finally choose jx E N such that \\wx — djj\ < {4:kx)~^. 

Now, for natural numbers n,p,k,j denote by A^^g^j the set of all x E A* for which 
rtx = n, Px = p, kx = k, jx = j- It is clearly sufficient to prove that, for any fixed 
quadruple n,p, k,j, the set S := A'^^/^j is directionally porous. 

So fix an arbitrary x E S. Denote ti := tf and choose rj such that 

(3.5) <ri <min{{pn)-\{2k)-^). 
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We will prove that S is porous at x in the direction — Wx- 

To show this, it is sufficient to prove that there exists E'N such that 

(3.6) S n B{x + tiivx — Wx),riti) = whenever i > Iq. 
To this end, consider z G N and yi E S H B{x + ti{vx — Wx),r]ti). 

First observe that \\{x + ti{vx — Wx)) — yi\\ < Tjti < rj < {pn)~^ and so (3.1) (with x := yi 
and y := X + ti{vx — Wx)) implies 

(3.7) ||/(x + U{vx - Wx)) - f{y^)\\ < nr,U < 

P 



Now we will show (and this is the main trick of the proof) that, if i is sufficiently large, 
then the difference of /^(x,w;^.) and f^{yi,Wy.) is "small" (see (3.10)). To this end, set 
t* := {2k)~^ and ^ := x + t*Wx- By (3.3) we immediately obtain 

fiO - /(^) 



(3. 



Further set z* := (t*)"^^ - Vi)- Then 



f'^{x,Wx) 



1 

< -. 

P 



\Z* - Wy^W < \\z* - Wx\\ + \\Wx - djW + \\Wy^ - dj\\ < \\z* - Wx\\ + ^ 



and 



\\z* - WxW = WitT'i^ - yd - (tTH^ -m = \\itT\x - y,)|| < 2ku{\\vx - Wx\\ + v). 

So there exists ii G N such that i > h implies \\z* — Wy.\\ < 1/k, and consequently also 
(by (3.3) with x := yi E S) 



(3.9) 



/(O - f{y^ 



- f+iyuWy^) 



f{yi + rz*)-f{y. 



f+iVi^Wy^ 



< 



P 



Further there exists zi < Z2 G N such that i> 12 implies 

\\x - yi\\ < ti{\\vx - WxW +V) < {2knp)~^ < 
and consequently also (by (3.1)) 



/(0-/(^) /(O -/(!/. 



2k\\f{yi)- f{x)\\<2kn\\y,-x\\ < 



P 



Using this together with (3.8) and (3.9), we obtain that i > i2 implies 



(3.10) 



yi{x,Wx) - f[{yi,WyJ\\ < -. 



Denote := x + tiVx- There exists io > 12 such that i > io implies ti < 1/k, and 
consequently also (by (3.4)) 



(3.11; 



Set Zi := (ti) ^(oj - yi) = (ti) ^{x + UVx - yi). Then 



< 



P 



\zi - Wy^w < \\zi - WxW + W^x - djW + W^y, - djW < Iki - WxW + 



2k 



and 



X + tiVx - yi 



x + ti(vx-Wx) - yi) 
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So \\zi — Wy-ll <l/k and i > io implies U < 1/k, and consequently (by (3.3) with x := yi)) 



(3.12) 



fiVi + Uzi) - f{yi 



1 

< -. 

P 



Thus, if 2 > io, then (3.7), (3.10), (3.11) and (3.12) imply 



f{x + ti{v^ -w^)) - f{x) 



- (/+(x,w^) - f^{x,w^)) 



< 



< 



f{y^) - fix) 



fim) - fix) 



- if'^ix,v^) - f'^{x,w^)) 
if+ix,v^) - f'^iyi,WyJ) 



P 
4 

+ - 
P 



4 6 

+ - < -, 
p p 



which contradicts (3.2). So we have proved (3.6). 



□ 



Lemma 3.2. Let X , Y be Banach spaces, G d X an open set, f : G ^ Y a mapping. 

For each x G G denote by the set of all v & X such that /+(x, v) exists. Then the set 
B of all X E G such that f is Lipschitz at x and is not closed is a-directionally porous. 

Proof. For each A; G N, set 

-Bfc := {x G -B : \\fiy) — fix)\\ < k\\y — x\\ whenever \\y — x\\ < l/k}. 

It is clearly sufficient to prove that each Bj. is directionally porous. So suppose that /c G N 
and X G 5fc are given. Since Ux is not closed, it is easy to see (using Fact 2.1 (iv)) that we 
can find v E Sx \ Ux and a sequence w„ — )■ f with Vn E Sx f^Ux- 
We will show that 

(3.13) Bk is porous at x in the direction v. 

Suppose, to the contrary, that (3.13) does not hold. We will obtain a contradiction by 
proving that v G Ux, i.e., that limt^o^t~^{f{x + tv) — fix)) exists. Since F is a complete 
space, it is sufficient to prove that for each e > there exists 6 > such that 

fix + tiv) - fix) fix + t^v)- fix) 



(3.14) 



ti 



to 



< e whenever < ti < ^2 < ^• 



So, let 1 > e > be given. Since (3.13) does not hold, by (2.1) we can find (5i > such 
that 



(3.15) 



B{x + tv, et/12k) n 5fc 7^ whenever < t < Si. 



Now choose n G N such that \\v — < e/12k. Since u„ G Ux, we can find ^2 > such 
that 



(3.16) 



fix + tiVn) - fix) fix + t2Vn) - fix) 



< - whenever < ti < ^2 < <^2- 
o 



tl 

Put 6 := min((5i, ^2). It is sufficient to prove (3.14). To this end, let arbitrary numbers 
< tl < ^2 < <^ be given. By (3.16), we have 

fix + tiVn) - fix) fix + t2Vn) - fix) 



t2 



e 

< -. 
3 
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By (3.15), we can choose points G B{x+tiv,eti/12k)nBk and 7/2 £ B{x+t2V,et2/l2k)r) 
Bk- Observe that 

Wui - (x + tiv)\\ < tie/12k < 1/k, \\{x + tiv) - {x + tiVn)\\ = ti\\v - Vn\\ < tie/12k, 
and therefore — (x + < tie/6k < 1/k. Since i/i G B^, we obtain 

WfiVi) - fix + tiv)\\ < kUe/l2k = he/12, \\f{yi) - f{x + Uvn)\\ < kUe/Qk = he/%. 
Consequently 

(3.18) \\f{x + tiv)- f{x + Uvr,)\\<Ue/^. 
By the same way we obtain 

(3.19) ||/(X + hv) - fix + t2Vn)\\ < W3. 

So, for i G {1, 2} we obtain 

^3 20) fix + Uvn) - fix) _ fix + Uv) - f{x) 

t'i ti 

Using (3.17) and (3.20) we obtain 

fix + hv)- f{x) fix + t2v) - fix) 



< 



< e 



which completes the proof of (3.14). 



□ 



Theorem 3.3. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y a mapping. Then there exists a a-directionally porous set G G G such 
that if X G G \ G and f is Lipschitz at x, then the set Ux of those directions u G X in 
which the one-sided derivative /^(x,m) exists is a closed linear subspace of X . Moreover, 
the mapping u ^ f^{x,u) is linear on Ux- 

Proof. Let A be the set from Lemma 3.1 and B be the set from Lemma 3.2. We will show 
that it is sufficient to set G := A U B . Obviously, G is a-directionally porous. 

Now consider an arbitrary x G G\G = G\iAUB) at which / is Lipschitz. It is obvious 
that G Ux, f+ix,0) = and (see Fact 2.1(iv)) 

(3.21) if u G Ux and t > 0, then tu G Ux and /^(x,tu) = tf'^ix,u). 
U w G Ux, set V := and obtain (since x ^ A) 

(3.22) f'+ix,-w) = f'4x,0)-f'^ix,w) = -f'^ix,w). 
Obviously, (3.21) and (3.22) imply that 

(3.23) if u G Ux and t G M, then tu G Ux and f'^ix,tu) = tf'^{x,u). 

Further consider arbitrary vectors v,u G Ux- Setting w := —u and using x ^ A and 
(3.22), we obtain 

(3.24) fl{x, V + u) = fl{x, v-w) = /;(x, v) - f\{x, w) = f'^x, v) + f'_,{x, u). 

Thus (3.23) and (3.24) imply that Ux is a linear subspace of X and the mapping u 1— )■ 
f'^ix,u) is linear on Ux- Since x ^ B,we have that Ux is closed. □ 

Theorem 3.3 and Fact 2.1(i),(v) immediately imply the following corollaries. 
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Corollary 3.4. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y an arbitrary mapping. Then the following implication holds at each 
point X E G except a a-directionally porous set: 

If f is Lipschitz at x and the one-sided directional derivative f^{x,u) exists in all 
directions u from a set Sx C X whose linear span is dense in X, then f is Gateaux 
differentiate at x. 

Corollary 3.5. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y a pointwise Lipschitz mapping. Then there exists a a-directionally 
porous set A G G such that for every x E G\A the set of those directions u E X in 
which the one-sided derivative f!^{x,u) exists is a closed linear subspace of X. Moreover, 
the mapping u H- f^{x,u) is linear on U^- 

Corollary 3.6. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y a pointwise Lipschitz mapping. Then the following implication holds 
at each point x E G except a a-directionally porous set: 

If the one-sided directional derivative f^{x,u) exists in all directions u from a set Sx G 
X whose linear span is dense in X, then f is Gateaux differentiable at x. 

Our main result on Hadamard derivatives is the following. 

Theorem 3.7. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y a mapping. Then there exists a a-directionally porous set D G G such 
that if X G G\D, then either the set Vx of those directions u E X in which the one-sided 
Hadamard derivative u) exists is an empty set or Vx is a closed linear subspace of 

X and the mapping u i— )■ f'fj_^_{x, u) is linear on Vx. 

Proof. Let G be the set from Theorem 3.3, M the set from Proposition 2.5 and A the set 

from Proposition 2.6. Set D := G VJ M VJ A. Then D C G is a a-directionally porous set. 

Now suppose that a point x E G\D is given and Vx 7^ 0. 

Choose w E Vx- If = 0, then we obtain that / is Lipschitz at x by Lemma 2.2. If 
7^ 0, then we set v := and apply Fact 2.1(iv),(vii). We obtain that there exists 

a cone G := G{x,v,5) such that lim supy_^^ ^g^* ■'^"^^^^z^jp^ < Since x ^ A, we obtain 

that / is Lipschitz at x also in this case. 

Since x ^ M, we obtain that f'^{x, u) = u) whenever one of these two derivatives 

exists. So, since / is Lipschitz at x and x ^ C, we obtain our assertion. □ 

Remark 3.8. If we have in our disposal Proposition 2.5, Proposition 2.6 and Lemma 2.2, 
then we can consider our two main theorems as "equivalent". Indeed, we have already 
shown how Theorem 3.3 (and the above mentioned propositions) easily implies Theorem 
3.7. Further, Theorem 3.7 and Proposition 2.6 almost immediately imply Theorem 3.3. 

Using Theorem 3.7, Fact 2.1(i),(vi) and Lemma 2.3, we immediately obtain the following 
result, which improves and generalizes [2, Theorem 3.7(b)] (see Remark 3.10 below). 

Corollary 3.9. Let X be a separable Banach space, Y a Banach space, G G X an open 
set, and f : G ^ Y an arbitrary mapping. Then the following implication holds at each 
point X E G except a a-directionally porous set: 

If the one-sided Hadamard derivative /^^(x, m) exists in all directions u from a set 
Sx G X whose linear span is dense in X , then f is Hadamard differentiable at x. 

Remark 3.10. loffe's [2, Theorem 3.7(b)] works with / : X — )■ [—00,00] and dom(/) : = 
{x E X : \f{x)\ < 00}. Denote by B the set of all x E dom(/) \ int(dom(/)) for 
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which there exists 7^ G X such that f'fj_^_{x,v) := hm2_^^,^t_^o+ ^ exists and 
is finite. If x G -B, then (cf. Fact 2.1(vii)) there exists a cone C = C{x,v,6) such that 
limsupy^-j.y^(j ^'^^y'^lf ll"^^ < 00, which imphes that B C X \ int(dom(/)) is directionally 
porous at x (see (2.2)). So -B is a directionally porous set. 

This simple observation shows that Corollary 3.9 remains true, if we work with f : X ^ 
[—00,00] ( and /^_,_(x, m) is, by definition, finite). In other words, the assumption of [2, 
Theorem 3.7(b)] that the linear span of Sx equals to X can be relaxed to the assumption 
that the linear span of is dense in X. 
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